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In this paper, a new family of parallel manipulators called PAMINSA is presented. The par-
ticularity of these manipulators is the decoupling of the displacements of the platform in
the horizontal plane from its translation along the vertical axis. Such a decoupling allows
the cancellation of the loads of gravity on the actuators which displace the platform in the
horizontal plane. Parallel mechanisms from 3 to 6 degrees of freedom based on this prop-
erty are systematized and the advantages of each are presented. The classification, singu-
larity analysis and input torques optimization are then discussed. A prototype of the
proposed manipulator with four degrees of freedom and experimental validations of the
suggested concept are also presented. All obtained numerical simulations are approved
by experimental tests.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

Parallel manipulators, well-known in the field of robotics, are defined as manipulators that control the motion of their
end-effectors by means of at least two kinematic chains going from the end-effector towards the frame [1]. Such a mechan-
ical architecture divides the manipulated load between the several legs of the system and, as a result, each kinematic chain
carries only a fraction of the total load. Thus it allows creating mechanical structures with higher stiffness, which contain
movable links having relatively small masses. Many industrial applications of these manipulators in the electronics, food
and pharmaceutical sectors, aeronautics or medical devices are well-known.

However, the parallel manipulators have also some drawbacks, for example, a limited workspace, more constraining sin-
gularity loci or a high coupling of kinematics and dynamics.

This non-linearity of the kinematic and dynamic models of parallel manipulators is not attractive for industrial applica-
tions. In order to solve this problem, in the last few years, new structures have been developed. The literature review of pre-
vious research on decoupling of the kinematic and dynamic input/output relationships of parallel manipulators shows that,
in most of the cases, two approaches are developed:

– Decoupling between position and orientation [2–7].
– Fully decoupling [8–11], i.e. the decoupling of the displacements in regard to all the degrees of freedom of the platform.

Our observations showed that, despite rather-encouraging results, it is not easy to develop a simple parallel architecture
with fully decoupled motions and to conserve its principal advantages: the higher stiffness of the structure with light links.
. All rights reserved.
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That’s why we tried to find a compromise between the decoupling of the movements and the architectural particularity of
the parallel structures. In other words, we had changed the statement of problem: it is not essential that parallel architecture
will be fully decoupled, it can also be partially decoupled but it is important to obtain a mechanical architecture with impor-
tant payload.

The organization of the paper is as follows: first the description of a new approach to the problem of the partial decou-
pling of parallel manipulators and the mechanical architecture of the basic version of the suggested manipulators are dis-
cussed. Then, the classification of PAMINSA from 3 to 6 degrees of freedom is presented and the advantages of each kind
of manipulators are disclosed. The singularity analysis of suggested manipulators is the subject of the third section. In the
next section, the input torques minimizations for static and dynamic modes of operation are studied. Finally, the prototype
of the designed manipulator with four degrees of freedom is described and the experimental validation of this new concept is
presented.

2. A new approach to the problem of the design of decoupled parallel manipulators

An energetic analysis shows that the gravity work of a body moving in the horizontal plane is equal to zero (the
gravitational forces are always perpendicular to the displacements). But the work of the same force along the vertical
axis is other than zero (the gravitational forces are parallel to the displacements). This phenomenon is used in the de-
sign of the hand operated manipulators, in which the horizontal displacements of the payload are carried out manually
and the vertical displacements are actuated. This principle is applied in the design of the new parallel manipulators
called PAMINSA.

Let us consider the mechanical architectures of the suggested manipulators.

2.1. Mechanical architecture of PAMINSA

The first idea was to develop a parallel architecture whose displacements of the platform in the horizontal plane are inde-
pendent of its vertical displacements. For this purpose, the pantograph linkage is used as a leg. The pantograph is a mechan-
ical system with two input points Ai and Bi and one output point Ci. These input points linearly control the displacement of
the output point Ci. Thus, one linear actuator connected with input point Bi can control the vertical displacement of the out-
put point Ci and one other linear actuator with horizontal axis can control its horizontal displacements. Note please that
these motions are completely decoupled, i.e. they can be carried out independently.

Now let us suppose that there is a concentrated mass in the point Ci. In this case the load of the gravitational forces on the
actuator of the horizontal displacements will be equal to zero (the gravitational forces are always perpendicular to the dis-
placements). With regard to the actuator of vertical displacements, the load of the gravitational forces is not zero (the grav-
itational forces are parallel to the displacements). However, the input/output relationship for vertical displacement is linear
and it is determined by the magnification factor of the pantograph. These properties of the pantograph mechanism are used
in manipulators PAMINSA.

Now let us connect three Scheiner pantograph linkages with the base and the platform as it is shown in Fig. 1. In the ob-
tained structure, one vertical actuator Mv controls the vertical displacement of point Bi of the pantograph linkages, as a result,
the vertical displacement of pairs Ci of the moving platform. The generation of motion in the horizontal plane is achieved by
the actuators M1, M2 and M3 connected through a passive pair Hi with input joints Ai.
Fig. 1. PAMINSA with 4 DOF (a); kinematic chain of each leg (b).
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Thus, it is easy to see, that for the suggested architecture, the vertical translation of the platform along z axis is decoupled
from its displacements in the horizontal plane (translations along x and y axis and rotation / around z axis).

Among the obvious advantages of the suggested manipulator architecture, we would like to note the followings:

(i) The decoupling of the control powers in two parts, making possible to raise a heavy payload to a fixed altitude by pow-
erful actuators and then to displace it on the horizontal plane by less powerful actuators.

(ii) A great accuracy in the horizontal positioning because the payload can be locked in the horizontal plane by mechanical
architecture of the manipulator (in other words, if the position of the vertical actuator is fixed, the altitude of the plat-
form cannot change).

(iii) The cancellation of the loads of gravity on the rotating actuators which displace the platform in the horizontal plane.
(iv) The simplification of the vertical control based on linear input/output relationships.

It should be noted that motion generation of the input point Ai can be carried out by several manners. All architectures
shown in Table 1 have the same properties mentioned above. The different schematics for input motion generation can be
easily distinguished by the projection of the structure on the horizontal plane (the pair M0

i – or H0i – corresponds to the dis-
placement of both pair Mi – or Hi – and pantograph linkage).

We considered above a basic structure of PAMINSA with four degrees of freedom (DOF). However, on the base of this ap-
proach, it is possible to obtain parallel manipulators from 3 to 6 DOF. Some properties of these manipulators were discussed
in our previous works [12–14].

Let us consider the generalisation of the examined principle for a family of manipulators.

3. PAMINSA manipulators from 3 to 6 degrees of freedom

Table 2 shows PAMINSA manipulators from 3 to 6 degrees of freedom with a planar projection equivalent to a 3-RPR
structure. Notation PAMINSA-iDjL means that the manipulator has i degrees of freedom and j legs. Table 2 also represents
the output parameters, the actuated joints, as well as the type of connection between the platform and the legs. Such mod-
ifications can be easily extended to the other type of kinematic chains represented in Table 1.

For each kind of manipulator, the rotations of the legs allow the horizontal displacement of the platform at a given alti-
tude with given inclinations. Note please that the inclinations around x, y and z axis are obtained by the vertical translations
of points Bi.

Each kind of PAMINSA has its advantages and can be used differently. Let us consider the particularity of each architec-
ture. As it was mentioned above, the PAMINSA-4D3L allows improving the positioning accuracy along the vertical axis be-
cause the structure is kinematically locked during the displacement on the horizontal plane. Such a design allows the
fixation of an important load in a given altitude, then positioning it on the horizontal plane.

PAMINSA-4D2L is able to perform the same task as the PAMINSA-4D3L with only two legs. It should be noted that in this
case the motorization is quite different.

PAMINSA-3D3L* can be used in any applications where only three translations along three axis are needed.
PAMINSA-4D3L* is useful for any task with three translations and one orientation about the x or y axis.
The PAMINSA-5D3L allows the carrying out of all displacements in the horizontal plane with an inclination angle w of the

platform (Fig. 2). The angle of the inclination w can be defined as an angle between the normal Npl to the platform and the
normal N of the plane xOy. Thus, it is possible to move the platform on the horizontal plane with any inclination relative to
the horizontal plane. In this case, the inclination is defined by the rotation of the point C3 about the line C1C2.

The PAMINSA-6D3L allows for any orientation / of the platform about the z axis and the displacements of the platform on
the horizontal plane. Two other inclinations of the platform are allowed.

We would like to note that for all versions of presented PAMINSA manipulators, there is a decoupling between the dis-
placements on the horizontal plane and the other displacements.

As it was noted in Section 1, one of the drawbacks of parallel architectures is having more constraining singularity loci.
The suggested manipulators are not devoid of this drawback. Let us consider the singular configurations of PAMINSA
manipulators.

4. Singularity analysis of PAMINSA manipulators

One of the important problems in the design of parallel mechanisms is the study of their singular configurations [15–27].
The singularity analysis, which will be presented, is carried out by Gosselin and Angeles approach [15], based on the prop-
erties of the Jacobian kinematic matrices of the mechanical structure, i.e. the singularity appears when the Jacobian matrices
relating the input speeds and the output speeds become rank deficient.

We will present only the singularity analysis of PAMINSA manipulators which have a planar representation as 3-RPR
manipulator. Singularity analysis for other types of PAMINSA can be carried out in the same way.

The singular configurations of PAMINSA manipulators can be separated into two cases: singularities of the pantograph
linkage used as a leg and singularities of the simplified schematic representation of the manipulator by a kinematic chain



Table 1
Examples of motion generation of the input point Ai of pantograph linkages
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Table 1 (continued)
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Table 2
The family of PAMINSA manipulators with 3–6 DOF
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PRPS (Fig. 3). The pair H0i corresponds to the free translational displacement of both prismatic pair Hi and pantograph link-
age. The actuators M0

vj correspond to actuator Mvj whose displacement is amplified by the magnification factor of the pan-
tograph. In PAMINSA manipulators, these singularities are not coupled and can be examined separately.



Table 2 (continued)

* Two of the three legs of such type of manipulator are actuated with the same motor and stay parallel to each other.
1 The projection of the platform on the horizontal plane changes with the variation of its orientation.
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It may be noted that the singular configurations of pantograph linkage can be found by an analysis of the articulated par-
allelogram. They are well known and we shall not deal with them. The study below is only devoted to the singularities of the
3-PRPS parallel structure.



Fig. 3. Simplified schematic representation of the pantograph leg.

Fig. 2. The angle of the inclination w of the platform for the PAMINSA-5D3L.
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The Jacobian matrices of simplified parallel structure with 6 DOF appear in the form [15]:
A _qþ Bt ¼ 0
where
A ¼

q1 0 0 0 0 0
q2 0 0 0 0

q3 0 0 0
k 0 0

k 0
sym k

2
666666664

3
777777775

B ¼

sin b1 � cos b1 0 d41 d51 d61

sin b2 � cos b2 0 d42 d52 d62

sin b3 � cos b3 0 d43 d53 d63

0 0 �1 yPC1 �xPC1 0
0 0 �1 yPC2 �xPC2 0
0 0 �1 yPC3 �xPC3 0

2
666666664

3
777777775
_q ¼ ½ _b1; _b2; _b3; _Z1; _Z2; _Z3�T is the vector of the actuated joint rates (bi corresponds to the rotation of the motor Mi and Zi to the
linear displacement of the motor Mvi for i = 1,2,3), t is the twist of point P of the platform (expressed in the base frame) and
PCi = [xPCi,yPCi,zPCi]T:
qi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxCi � xOiÞ2 þ ðyCi � yOiÞ

2
q

ði ¼ 1;2;3Þ

d4i ¼ �zPCi cos bi ði ¼ 1;2;3Þ

d5i ¼ �zPCi sin bi ði ¼ 1;2;3Þ

d6i ¼ �xPCi cos bi � yPCi sin bi ði ¼ 1;2;3Þ
As it was mentioned above the singularity of parallel manipulators appears when matrices A and B are rank-deficient.
From these conditions, we obtain:
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detðAÞ ¼ k3q1q2q3

detðBÞ ¼ 27R3
ncwD=ð8q1q2q3Þ
where D is the expression of a conic given in Appendix 1.
Thus, Type 1 singularities appear, when qi = 0 (i = 1, 2 or 3), i.e. points Oi, Bi and Ci are aligned. In such configuration, one

rotation of the input link Mi cannot bring to the displacement of the platform (Fig. 4).
Type 2 singularities of the manipulators PAMINSA from 3 to 6 DOF are represented in Table 3 (in this table, parameters Rb

and Rn represent the base and the platform radii, respectively, and expression of conic K is detailed in Appendix 1). In manip-
ulators PAMINSA with 3, 4 and 5 DOF, the input motions are combined and the study of the singularities of these manipu-
lators can be carried out by studying the determinant of matrix B, in which the values of certain input/output parameters are
fixed. Note please that all singular configurations for PAMINSA 4, 5, 6D-3L are found for the manipulators, in which the plat-
form and the base are equilateral triangles.

Moreover, it could be demonstrated that, for the PAMINSA-4D3L, when the centre of the platform is on the circle defined
by the expression x2 þ y2 ¼ R2

b þ R2
n � 2RbRn cos /, the manipulator gains one finite motion defined as a Cardanic Self Motion

[26].
Finally, the third type of singularity occurs when both A and B are simultaneously singular.
The next section deals with the static/dynamic analyses and the optimization of a PAMINSA manipulator with 4 DOF.

5. Static/dynamic analysis and optimization of the PAMINSA-4D3L

The static and dynamic modeling of the basic version PAMINSA-4D3L was presented in [12]. This section summarizes the
obtained results and proposes a dynamic optimization based on the developed models.

The static input torques (or forces) Q st
j applied to the actuators Mj (j = 1,2,3,4) due to the force of gravity of links, joints

and platform of the studied manipulator can be expressed as:
Q st
j ¼ Q st

plj þ
X3

p¼1

Xn

i¼1

Q st
ipj

 !
ðj ¼ 1;2;3;4Þ
where Q st
ipj is the load applied to the actuator j due to the gravity of the ith link or bearings of the pth leg (p = 1,2,3), Q st

plj is the
load applied to the actuator j due to the gravity of the platform (Fig. 5).

These loads can be represented in the form:
Q st
ipjðx; y;/; zÞ ¼

X3

p¼1

JT
ipðx; y;/; zÞGip

 !�����
j

Qplj ¼ ðJTGplÞjj
where Jip is the Jacobian matrix between the point Pip and the actuated variables qj, Pip is the center of masses of the ith link, J
is the general Jacobian matrix of the robot, between the point P and the actuated variables qj, P is the center of masses of the
platform, G and Gip are, respectively, the forces of gravity of the platform and the links (or bearings).

It is easy to see that:
Qplj ¼ ðJTGplÞjj ¼ 0; for j ¼ 1;2;3
i.e. the input torques of the rotating actuators due to the gravity of the platform are cancelled because the gravitational
forces are always perpendicular to the displacements (the platform carries out the displacements in the horizontal plane).
Fig. 4. First type singularity.



Table 3
Type 2 singular configurations of the family of the studied PAMINSA manipulators
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Table 3 (continued)
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Fig. 5. Joints and links description for the static and dynamic analysis of the studied manipulator.
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It should be noted that, as the studied PAMINSA is symmetrical, the values of the input torques for the actuators are also
symmetrical but they are situated in different zones (rotations of ±120�). The input torques of the rotating actuators of exam-
ined manipulator are different from zero and their values depend on the altitude’s variations of the center of masses of each
leg.

Thus, the input torques of the rotating actuators taking into account the mass distribution of each leg can be written as
following:
Q st
j ¼

X3

p¼1

Xn

i¼1

Q st
ipjðx; y;/; zÞ

 !
ðj ¼ 1;2;3Þ
where
Q st
ipjðx; y;/Þ ¼

X3

p¼1

JT
ikðx; y;/; zÞGip

 !�����
j

It was also shown in [12] that the input torques due to the movable masses of the pantograph linkage can be cancelled by
its optimal redistribution. Thus, by complete static balancing of legs, it should be possible to cancel the loads due to the mo-
vable masses of the legs on the rotating actuators.

Fig. 6 shows the variations of the actuator torques before and after mass balancing. After complete static balancing the
potential energy of the manipulator is constant for any configuration and zero actuator torques are required. For example,
the added masses are located at points 7p and their values are 2.8 kg (to observe the increase in masses after balancing, it
should be noted that the mass of each pantograph linkage before balancing was 3.1 kg).

It is obvious that such a balancing is very useful for static mode of operation of the manipulator. However, with the in-
crease of the accelerations of moving links, the inertia forces become important and the complete static balancing in dy-
namic operation cannot be optimal. In this context another problem may be formulated: to find such a distribution of
movable masses, which allows the minimization of the input torques of the rotating actuators in dynamic mode of operation
(see Fig. 7).
Fig. 6. Variations of the actuator torques for z = �0.6 m and / = 0� before (dark grey) and after (bright grey) static balancing of legs.



Fig. 7. Actuators’ torques with (dotted line) and without (full line) added masses for static balancing.
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In [12], we presented an analytic dynamic model of the manipulator PAMINSA-4D3L based on the Lagrange equations,
which is used for above-mentioned optimization.

The Lagrange function of the system was given in [12] as:
d
dt

oL
o _qj

� �
� oL

oqj
¼ Qdyn

j þ
X4

i¼1

kiAij
where ki are the Lagrange multipliers (i = 1, . . .,4), qj are the generalized coordinates (j = 1, . . .,8), Qj are the input torques or
forces.

Coefficients Aij are obtained by differentiating the closure-loop equations of the manipulator with respect to the general-
ized coordinates. Then the given system of equations is solved as follows: firstly, the Lagrange multipliers must be obtained
from the first four Lagrange equations and then the input torques/forces can be determined from the last four Lagrange
equations.

For a comparative analysis of the unbalanced and statically balanced manipulators in dynamic operation we defined a
prescribed trajectory given in Appendix 2 (the numerical optimization is carried out for the link parameters of the manip-
ulator given in [12]).

Fig. 8 shows the actuator torques in dynamic mode of operation for two cases: unbalanced and statically balanced manip-
ulators. It should be noted that the added masses for complete static balancing do not allow the minimization of the input
torques of actuators. Thus, in the case of accelerated motions, it is better to achieve a partial balancing of masses.

The minimization problem can be expressed as the following:
max jQdyn
j j !minmip ;rip
i.e. it is necessary to find such a distribution rip of moving masses mip, which allows the minimization of the maximum values
of the input torques.

In order to reduce the actuators’ torques, we use a numeric minimization. The obtained results are given in Fig. 8. Note
please the added masses are located at points 7p (Fig. 5) and their values are 1.3 kg.

The obtained results show that such optimization allows the reduction of the maximal values of the input torques in dy-
namic mode of operation to 45%.



Fig. 8. Actuators’ torques with (dotted line) and without (full line) added masses for dynamic optimization.
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We would like to note that the minimization was carried out for a prescribed trajectory. This trajectory may be either the
generalized trajectory with maximum acceleration, which is generated by robot (for example, pick-and-place motion) or a
trajectory, which is variable with unknown parameters. In the first case, the masses of the balancing counterweights can be
constant and the influence of the trajectory variations on the torque minimization will be small. In the second case, the bal-
ancing counterweights should be designed with adjustable parameters and they can be adapted to the given trajectory.

6. Prototype and experimental validations

We have developed in the I.N.S.A. of Rennes a prototype of PAMINSA-4D3L whose planar representation is a 3-RPR manip-
ulator (Fig. 9) [13]. The displacements on the horizontal plane of the developed prototype are obtained by Harmonic Drive
motors connected with the legs by means of the toothed-belt transmission (Fig. 10).
Fig. 9. The prototype of PAMINSA-4D3L developed in the I.N.S.A. of Rennes.



Fig. 10. Actuation system of each leg.
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For the actuator that controls the linear displacement of the vertical axis of the manipulator’s legs, the PARVEX motor
system was chosen. The pantograph linkage has been carried out with double rods in order to improve the stiffness of
the mechanical system. It is obvious that for an industrial application it is an attractive approach to create a pantograph with
single links and more rigid.

6.1. Validation of the design concept

In order to validate the suggested design concept, we have measured the input torques/efforts of the actuators with the
payload of 200 N (Fig. 9b) and without it (Fig. 9a) for the trajectory given in Fig. 11. The obtained results are presented in
Fig. 12.

The numerical simulations were validated by experimental tests. The curves with and without payload for the three rotat-
ing actuators (Fig. 12a–c) are superposed. We can see that they are similar, i.e. the loads on these actuators are cancelled. The
small differences might result from friction in the joints, manufacturing errors, elasticity of the links and tracking errors.

Regarding vertical actuator (Fig. 12d), it supports the payload and increase of the input force is significant.

6.2. Demonstration of singularity

In order to demonstrate the previous results, we have positioned the PAMINSA prototype in a Type 2 singular configura-
tion (x = 0 m, y = �0.25 m, / = 0�). This position is shown on Fig. 13g. For such a configuration, the three actuators are
blocked. However, it is possible to see on Fig. 13a–e that the platform is not constrained and undergoes a free motion when
external force is applied to the platform. This free motion is a finite displacement of the platform on a portion of circle S with
a rotation around a vertical axis.

6.3. Reduction of input torques in static mode of operation

The static balancing of the manipulator is experimentally accomplished by adding counterweights of 2.8 kg at the axis Fi

of the pantograph linkages (Fig. 14).
Fig. 11. Position of the platform for z = �0.6 m and / = 0�.



Fig. 12. Input torques/effort on the actuators with and without an embedded load of 200 N.

Fig. 13. Type 2 singular configuration of the mobile platform of the PAMINSA prototype starting from the configuration x = 0 m, y = �0.25 m, / = 0� (view
from below).
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Fig. 14. Counterweights added on pantograph linkages.
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In order to prove the minimization of input torques before and after balancing, some arbitrary configurations of the
manipulator were examined. The tested poses are given in Table 4.

For these seven positions of the platform, the maximal absolute values of the input torques of the three rotating actuators
before and after complete static balancing are measured (Table 5). The reduction of the maximal input torques varies from
74% to 85%.

6.4. Reduction of input torques in dynamic mode of operation

For the trajectory given in Appendix 2, we measure the input torques of the three rotating actuators for cases (without
any payload and with the payload for dynamic mode of operation).

Fig. 15 shows the obtained results. The reduction of the maximal input torques with the added counterweight of 1.3 kg
varies from 41% to 55%.

Thus, it can be noted that the obtained measures agree well with all above-mentioned numerical simulations carried out
on the software ADAMS.
Table 4
The poses for the experimental validation of the static balancing

Pose x (m) y (m) z (m) / (�)

1 0.124 0.096 �0.6 34.72
2 0.015 0.047 �0.615 �20.23
3 �0.149 0.009 �0.733 4.53
4 0.072 0.129 �0.497 9.23
5 �0.053 0.09 �0.540 33.92
6 �0.134 �0.075 �0.389 �3.5
7 �0.173 �0.042 �0.687 15.64

Table 5
The absolute values of the maximal input torques before (case 1) and after (case 2) static balancing

Pose Case 1 (N m) Case 2 (N m) Reduction (%)

1 1.78 0.46 74
2 1.81 0.26 86
3 1.38 0.34 76
4 3.31 0.47 86
5 3.23 0.59 82
6 1.93 0.35 82
7 2.4 0.55 77



Fig. 15. Actuators’ torques without (full line) and with (dotted line) added masses for dynamic optimization.
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7. Conclusion

In this paper, we have presented a novel motion decoupling technique for parallel mechanisms and its application to the
design of a new class of decoupled parallel manipulators with high-load carrying capacity. The architectures of these manip-
ulators called PAMINSA are built by legs, which are pantograph linkages. Manipulators from 3 to 6 degrees of freedom have
been systematized and studied.

The reduction of the input torques has been also studied. It was shown that, for a dynamic mode of operation, the com-
plete static balancing cannot be effective in terms of input torques. In the case of accelerated motions, it is proposed to carry
out an optimal redistribution of the movable masses and to achieve a partial mass balancing.

Finally, a prototype of PAMINSA with four degrees of freedom and experimental tests are presented. It is shown that the
experimental tests prove the validity of the suggested design concept and the given numerical simulations.

The authors believe that the proposed manipulators could be used in industrial applications for the manipulation of heavy
equipment with great positioning accuracy and little power consumption. Various fields are possible depending on the type
of the industrial application.

It should be noted that the proposed manipulators have been patented [28] and additional information is available upon
request.

Appendix 1
D ¼ A6x2 þ B6y2 þ C6xyþ D6xþ E6yþ F6

A6 ¼ 2Rbðs/cwsh þ chc/Þ � 2Rncw; B6 ¼ 2Rbðc/cwch þ shs/Þ � 2Rncw; C6 ¼ 2Rbðcw � 1Þsðhþ/Þ

D6 ¼ ðcw � 1Þð�R2
nðcwðc/shð1þ cwÞð1� 4c2

hÞ þ ð4c2
h � 3Þs/chÞ þ s/chð4c2

h � 3ÞÞ � RnRbðcwð2shchð1þ c2
/Þ þ c/s/ð2s/c2

h � 1ÞÞ

þ c/s/ð1� 2c2
/Þ þ 2shchð2� c2

/ÞÞ � R2
bsð/þhÞÞ
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E6 ¼ ðcw � 1Þð�R2
nðcwðs/shð1þ cwÞð�1þ 4c2

h Þ þ c/chð�3þ 4c2
hÞÞ þ c/chð�3þ 4c2

h ÞÞ � RnRbðcwðchð�2shc/s/ þ 2chc2
/ � 4chÞ

� c2
/ þ 2Þ � 2c2

hðc2
/ þ 1Þ þ c2

/ þ 2chshc/s/ þ 1Þ þ R2
bcð/þhÞÞ
3 3 2
F6 ¼ Rnðc3w þ 7cwÞ=4� Rbðcð/þw�hÞ þ cð/�w�hÞ þ 2cð/�hÞÞ=2þ RnRbð8cw þ 4cð�w�2hþ2/Þ þ 6c2w þ 6c2ð/�hÞ þ 18

þ 4cð2/þw�2hÞcð2/�2w�2hÞ þ cð2/þ2w�2hÞÞ=8� R2
nRbð4cð/þ2w�2hÞ þ 11cð�w�hþ/Þ þ 11cðw�hþ/Þ þ cð�3w�hþ/Þ þ 16cð�hþ/Þ

þ 4cð/�2w�hÞ þ cð3w�hþ/ÞÞ=8

K ¼ Dðh ¼ 0Þ ¼ A5x2 þ B5y2 þ C5xyþ D5xþ E5yþ F5

A5 ¼ 2Rbc/ � 2Rncw; B5 ¼ 2cwðRbc/ � RnÞ; C5 ¼ 2Rbðcw � 1Þs/

D5 ¼ ðcw � 1Þð�R2
ns/ðcw þ 1Þ � RnRbc/ðcw � 1Þ þ R2

bs/Þ

E5 ¼ �ðcw � 1ÞðR2
nðc/ðcw þ 1ÞÞ þ RnRbðc2

/ðcw � 1Þ � 1� 2cwÞ þ R2
bc/Þ

F5 ¼ ð1þ c2
wÞR

3
ncw � R3

bc/ð1þ cwÞ þ RnR2
bðc/ð1þ cwÞð1þ c2

wÞ þ c2
/ð1þ cwÞ2Þ � R2

nRbðc/ð1þ cwÞð�cw � 1� c2
wÞÞ
where ca and sa represent the cosines and sinus of angle a, respectively (a = bi, ci, /, w and h).

Appendix 2

See Fig. 16.
Fig. 16. The prescribed trajectory for z = �0.7 m and / = 0�.
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